We consider an explicit boolean function depending on Ò ´ · ½µ ¡ variables encoding ¾-level cascade redundancies in critical systems. We establish lower and upper bounds on the size of its OBDD representation. The exact lower bound of this function is comprised between ª´¾ Ñ Ò´ ¾ ¾ µ µ and Ç´¾ Ñ Ò´ µ µ. The upper bound is ª´¾ ´ ¾ÐÓ ¾ µ µ. We further show that, when one of the parameters or is constant, this function admits OBDDs whose size is polynomial in other parameter. The latter result is constructive, and we show variable orderings that witness this polynomial size.
Introduction
Ordered binary decision diagrams (OBDD) [3] are of immense practical interest as representations of boolean functions, since they provide compact and canonical representations that admit efficient operations for a wide variety of practial problems. OBDDs and their variants are widely used in logic verification [10, 6] , quantitative and qualitative analysis of reliability models [5, 13] , and compact state set representation in model checking [4] .
As the compactness of OBDDs is one of their main advantages, it is important to establish bounds on OBDD size for specific types of application-specific formulas. Such bounds not only provide insight into the mathematical structure of the complexity of boolean functions, they have practical applications in the classification of problem instances and the estimation of machine resource needs.
Lower and upper bounds for explicit (application-specific) boolean functions are widespread in the literature, see for example [?,7,9,2,8] . Bryant in [?] studies boolean functions for combinational circuits and establishes exponential lower bounds for the OBDD representations of multipliers and hidden weighted bit functions. These functions represent an illustration of difficulties that one may encounter with OBDD construction for functions in circuit verification.
Application of OBDDs to reliability analysis has been recently a major breakthrough in this domain, making possible the analysis of functions depending on thousands of variables, compared to classical methods that are not able to deal with functions having more than 10 variables. In this field, the advantage of OBDD representation is double. First, it is compact. Second, it permits exact computations that are linear in the size of the OBDD [?,?] . The latter becomes of particular significance when the system under analysis is safety-critical.
As application of OBDDs became wide spread in reliability analysis, it has become important to identify functions from this domain that represent intrinsic difficulties for their assessment with OBDDs. In this article, we identify such functions.
In this article we establish both lower and upper bounds for the size of OBDD representations of a two-level redundancies function. These functions arise in reliability analysis (risk assessment). Two-level redundancies functions encode cascade redundancies in critical systems, and are widely found in industrial systems. The ability to perform exact computations of reliability, and hence the ability to compute the OBDD, is essential in this case. No theoretical treatment of the size of OBDD representations of these functions are currently known. We characterize the growth of OBDD representations of this function in terms of two structural parameters and . We establish that the upper bound is ª´¾ ´ ¾ÐÓ ¾ µ µ. The exact lower bound is comprised between ª´¾ Ñ Ò´ ¾ ¾ µ µ and Ç´¾ Ñ Ò´ µ µ. We further show that, when one of the parameters or is constant, this function admits OBDDs whose size is polynomial in the other parameter. The latter result is constructive, and we show variable orderings that witness this polynomial size.
Our approach is elementary, and is based on counting the number of subfunctions in a set-theoretic way. This technique provides a fine-grained analysis, and permits one to link the growth of the OBDD to the variable ordering.
Preliminaries

OBDD encoding of boolean functions
Let be a boolean function depending on the set of variables Î Ú ½ Ú Ò . To obtain canonical forms for OBDDs we share some structure. By sharing isomorphic subgraphs we obtain a quasi-reduced OBDD (QOBDD) and by suppressing degenerate nodes ¡´Ú « ½ « ¼ µ where « ¼ « ½ we obtain a reduced OBDD (ROBDD). We interpret OBDDs as boolean formulas under Shannon normal form [1] . In this paper we treat the most general canonical form of OBDDs-that is QOBDDs. All the results hold also for ROBDDs. 
Definition 3 Let be a boolean function
The following property summarizes a well-known fact, that the width of a QOBDD at level is equal to the number of different subfunctions at this level (see for example, [8] ). It gives the foundation for our method of obtaining bounds on the size of the OBDD, namely, explicitly counting the number of different subfunctions. 
Definitions
We define the function studied in this paper.
Definition 5 Let
Such functions encode cascade redundancies in critical systems and can be found in formal models for risk assessment [12] . In the rest of the paper will denote a ¾-level redundancies function. The total number of variables is Ò Î ´ ·½µ¡ . 
From remark 14 and lemma 15 follows the theorem. The upper bound for a ¾-level redundancies function is thus established to be ª´¾ ´ ¾ÐÓ ¾ µ µ. 
According to condition (3) we have that ¦ ´ µ ½¸for
If are two subsets of ½ Ñ℄, then according to equation (4) 
Thus a lower bound on the width of an OBDD encoding a ¾-level redundancies function is ª´¾ Ñ Ò´ ¾ ¾ µ µ.
Practical aspects
In this section we present two variable orders that provide a polynomial growth for the BDD size if one of the parameters is fixed.
First example. Let us consider the following variable order :
It is easy to compute the value of AE´ Îµ for each Ò. The results of section 5 are of practical relevance, as one or the other of and is typically constant in real application domains producing ¾-level redundancies functions. Consequently, for a given model, it is usually possible to find a variable order that guarantees polynomial growth in the size of the OBDD. Report [11] presents experimental results that confirm these conclusions, and indeed that these orders give the best results for randomly-chosen ¾-level redundancies formulas.
